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' Colojoara and Foias [4] for Banach spaces, to the class of bounded operators on sequentially 
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< 

The class of quasi-nilpotent equivalent operators on a Banach space was introduced by Colojoara 
and Foias [4] . The aim of this paper is to search if we can extend this theory to the class of bounded 
operators on sequentially complete locally convex spaces. 

Any family V of seminorms which generate the topology of a locally convex space X (in the sense 
that the topology of X is the coarsest with respect to which all seminorms of V are continuous) 
will be called a calibration on X. The set of all calibrations for X is denoted by C(X) and the set 
of all principal calibration by Cq(X). 

An operator T on a locally convex space X is quotient bounded with respect to a calibration 
V G C(X) if for every seminorm p£P there exists some c p > such that 

oo ■ 

The class of quotient bounded operators with respect to a calibration V G C(X) is denoted by 
Q-p(X). For every p G V the application p : Q-p(X) — ► R defined by 
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p(T) = inf{ r > | p(Tx) < rp (x) , (V) x € X}, 



is a submultiplicative seminorm on Q-p(X), satisfying the relation p(I) = 1, and has the following 
properties 

1. p(T)= sup p(Tx) = sup p(Tx), (V)p G V, (V) q G Q; 

p(x) — l p(x)^l 

2. p(rs) <p(T) P (x), (V)xe x. 

We denote by V the family {p | p e P}. If T € Q-p(X) we said that a 6 C is in the resolvent set 
p(Q-p,T) if there exists (al — T)^ 1 G Q-p(X). The spectral set a(Q-p,T) will be the complement 
set of p(Q v ,T). 

An operator T G Q-p(X) is a bounded element of the algebra Q-p(X) if it is bounded element in 
the sense of G.R.Allan [TJ, i.e some scalar multiple of it generates a bounded semigroup. The class 
of the bounded elements of Q-p(X) is denoted by (Q-p(X)) - If r-p(T) is the radius of boundness 
of the operator T in Q-p(X), i.e. 

r-p(T) = inf{a > | aT x T generates a bounded semigroup in Q-p(X)}, 
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ET65/2005 contract no. 2987/11.10.2005 and the M.Ed.C. grant C.N.B.S.S. contract no. 5800/09.10.2006. 
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then in p] is proved that 

r v {T) = sup{ limsup(p(r n )) 1/Tl | p G V}. 

n — >oo 

The Waelbroeck resolvent set pw(Qv, T) of an operator T G (Q-p(X))o is the subset of elements 
of A G Coo = CU {oo}, for which there exists a neighborhood V G V(a ) such that: 

1. the operator XI — T is invertible in Q-p(X) for all A £ I^\{oo} 

2. the set { ( XI - T y 1 \ X e V\{oo} } is bounded in Q V {X). 

The Waelbroeck spectrum of T, denoted by <Jw(Qv, T), is the complement of the set pw(Qv, T) 
in Coo. It is obvious that a(Q-p,T) C <Jw {Qv > T) . An operator T G Q-p(X) is regular if oo ^ 
oiy {Qv, T), i.e. there exists some t > such that: 

1. the operator XI — T is invertible in Q-p(X), for all | A |> t 

2. the set {R(X,T) \ \ X\> t} is bounded in Q V (X). 

Given (X, V) a locally convex space, for each p G "P we denote by N p the null space and by X p 
the quotient space X/N p . For each p € V consider the canonical quotient map 7r p : X — > X/N p 
given by relation 

7T p (a:) = a; p eee a; + 7V P , (V) £ G X, 

(from X to X p ) which is an onto morphism. It is obvious that X p is a normed space, for each 
p G V, with norm || • || p defined by 

\\x p \\ p = p(x),(V)x&X. 

Consider the algebra homomorphism T — » T p of into defined by 

TP (^)=(T4(V)^I. 

This operators are well defined because T{N P ) C -ZV P . Moreover, for each p E V, C{X p ) is a 
unital normed algebra and we have 



|Tl p = su P {||T%|| p | \\x p \\ p <lloxx p eX p ) 



= sup {p (Tx) \p{x) <1 ior x <E X} = p(T) 

For every p 6 P consider the normed space ||»|| ) the completition of (X p , |«|| ). If 
T G Q-p(X), then the operator T p has an unique continuous linear extension T p on (X p , ||»|| p ) and 

<j(Qv,T) = U ff(f p ) - U a(T p ). 

p&V p&V 

2 Bounded Operators with SVEP 

Lemma 2.1 If (X,V) is a sequentially complete locally convex space andT G (Q-p(X)) , then 

p(Qv,T) = p w {Q v ,T). 
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Proof. Assume that there exists Ao G p(Q-p,T)\pw{Qv,T) such that Ao G p(Q-p,T). Since 
Ao Pw(Qv, T), then for each neighborhood U of Ao the set 

{ ( XI — T y 1 \ \ eU } 

is not bounded in Q-p(X). Let U G p(Q-p,T) an open set such that Ao G U. This implies that 
there exists Ai € U and p £ P such that for every n G N there exists x n G X (p(a;„) ^ 0) with the 
property 

p (R(Xi,T)x n ) > np (x n ) , 
Therefore, for y n = R(Xi,T)x n we have 

p (y n ) > np ((Ail - T)y n ) , 

which implies that Ai 6 a a (Qv,T) C a(Q-p,T) (see [H]). This contradicts the supposition we 
made, so lemma is proved. a 

Definition 2.2 J/ (X, P) is a sequentially complete locally convex space we say that the operator 
T G (Q-p(X))o has the single-valued extension property (we will write SVEP) if for any analytic 
function f : Df — > X , where Df C C is an open set, with the property 

(XI-T)f(X) = O x ,(\f)XeD f , 

results that f = 0, (V) A G D f . 

Definition 2.3 Let (X,V) be a sequentially complete locally convex space andT G (Q-p(X)) . For 
every x G X we say that the analytic function f x : D x — > X is an analytic extension of the function 
X — > R(X,T) if D x is an open set such that pw(Qv,T) C D x and 

(XI-T)f(X) = x,(V)XeD x . 

Denote by pt{x) the set of all complex number Xq for which there exists an open set D\ , such 
that Ao G D\ , and an analytic function f x : D\ — * X which has the property 

(XI-T)f x (X)=x,(V)XeD x . 

The set o~t(x) will be the complement of the set pt(x). 

Remark 2.4 1. In the case of bounded operators on a Banach space we have the condition 
p{T) G D x , but the lemma [Ql implies that this conditions in the case of quotient bounded 
operators on sequentially complete locally convex space is naturally replaced by the condition 
Pw{Qv,T) C D x . 

2. It is known that for a locally bounded operator T G Q-p(X) we have the equalities 

p(Qv,T) = p w (Qv,T) = p(T), 

so in this case we can use p{T) instead of pw{QviT) in oil definitions we presented above. 

Remark 2.5 If T G (Q-p(X))o has SVEP then for each x G X there exists an unique maximal 
analytic extension of the application X — > R(X, T), which will be denoted by x. Since T G (Q-p(X))o 
has SVEP the set Pt(%) is correctly defined and is unique. Moreover, Pt(%) is open and &t(x) is 
closed. 

Remark 2.6 If T G (Q V (X)) Q has SVEP and x G X , then 
1. pr{x) is an open set; 
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2. pt{x) is the domain of definition for x ; 

3. pw(Qv,T)c P t{x). 

Lemma 2.7 Let (X,V) be a sequentially complete locally convex space. IfT G (Q-p(X))o then 

1. the application A — > i?(A,T) is holomorphic on pw{Qv,T); 

2. £Lr(X,T) = (-l) n n\R(X,T) n+1 , for every n G N; 

3. lim R(X,T) = Oand lim R(1,X~ 1 T) = lim XR(1,T)=I. 

|A — >oo A| — >oc |A| — >oc 

Proof. 1) If A G pw(QviT) then there exists V G ^(a ) with the properties (1) and (2) from 
definition of Walebroeck resolvent set. Since for every A G V\{oo} we have 

R(X, T) - R(X ,T) = (A - X)R(X, T)R(X , T) 

and the set {R(X,T)\ X G V\{oo}} is bounded in Q-p(X) results that the application A — * R(X,T) 
is continuous in Ao, so 

lim ^T)-R(X ,T) = _ R2{XQT) 

A^A A — Ao 

If Ao = co then, there exists some neighborhood V G V(oo) such that the application A — * 
R(X,T) is defined and bounded on U\{oo}. Moreover, this application it is holomorphic and 
bounded on U\{oo}, which implies that it is holomorphic at oo. 

Therefore, the application A — > i?(A, T) is holomorphic on p\y(Q'p 1 T). 

2) Results from the proof of (1). 

3) For each A G pw{Qv, T) we have 

A -1 (J + TR(X,T))(XI -T) = I, 

so 

R(X,T) = X- 1 (I + TR(X,T)). (1) 
If V G V(a ) satisfies the conditions of the definition of Walebroeck resolvent set, then the set 

{TR(X,T)\XeV\{<x>}} 
is bounded, so from relation ([IJ) results that lim R(\, T) = 0. 

\\\—>-oo 

From equality R(X, T) = X~ x R(l, A _1 T), A ^ 0, and relation Q results that 

R{l,X~ l T) = I + T_R(A, T), 

so 

lim R(1,X~ 1 T)= lim (I + TR(X,T)) = I 

|A|— »oc |A|— »oc 

■ 

Lemma 2.8 IfT e (Q<p(X))q has SVEP, then a T (x) = if and only if x = X - 

Proof. If gt{x) = 0, then x is an entire function. Since \aw(Qv^)\ — r v{T), results that 

(XI-T)x(X)=x, (V)|A| >r v (T), (2) 

so by lemma [2~71 we have 

Urn x(X) = lim i?(A, T)x = 0. 

A| — >oc |A| — >oo 

Therefore, from Liouville's theorem results that x(X) = 0. Using the properties of functional 
calculus presented in [17] and ([2]) we have 



x = — / R{X,T)xdX = — [ 

27T« -/rp(T) + l 2m y r 

It is obvious that if x — Ox, then axix) = 



ir(A)dA = 

r v (T) + l z7rt Jrp(T) + l 
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3 Quasi-nilpotent Equivalent Operators 

For a pair of operators T,S 6 (Q-p(X))o, not necessarily permutable, we consider the following 
notation 

n 

(T - S) [n] = ^2{-l) n - k C^T k S n " k , 

k=Q 

where C k = -, — "A., , , for all n > 1 and k = 1, n. 

n (n — k)\kl ' — 1 



Remark 3.1 J^J IfT,S,Pe (Q V (X)) then for all n > 1 we have: 
1. (T - S) [n+1] = T(T - S) [n] — (T — S) [n] S. 

n 

2- E {-i) n ~ k c k {T - S)W(S - p)[«- fe ] = (T - P)W. 

fe=0 

Definition 3.2 We say that two operators T,S G (Q-p(X))o are quasi-nilpotent equivalent opera- 
tors if for every p G V we have 



lim 



(p({T - S) [n] y} 1/n =0 and f lim o (p((T-S) [nl )) 1/n = 



In this case we write T ^ S. 



Remark 3.3 If T, S € (Q-p(X)) 0> then (T-S)M eQ P (I). 

Lemma 3.4 Let (X, P) 6e a locally convex space and T,S G (Q-p(X))o, smc/i i/iai T S. Then 



the series ^2 (T — Sy n > and "^2 (S — Ty n ' converges in Q-p(X). 

71=0 n=0 



Proof. If T 3, S, then 



lim p f(T - S) [n] Y /n = 0, (V)p G 



so by root test the series Yl p((T — S)^) converges. Moreover, for each e G (0, 1) and every p G V 
there exists some index n £iP G N such that 

p((Ti-T 2 )W) <e",(V)n>n e , p 

which implies that 

m m n 

£ j5 (m - T 2 )M) < ^ e fc < (V) m > n > n £)P , 

so I J2 (^l — T^)'* 1 ' ) is a Cauchy sequence. Since the algebra Q-p(X) is sequentially complete 

\fc=0 / n£N 

oo 

results that the series (Ti — lb)!™] converges in Q-p(X). 

n=0 

oo 

Analogously, we can prove that the series ^ (S — T)W converges in Q-p(X) 
Lemma 3.5 TTie relation & defined above is a equivalence relation on (Q-p(X)) . 
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Proof. It is obvious that 5-, is simetric and reflexive. Now will prove that 5-, is transitive. Let 
7i,T 2 , T 3 G (Q V (X)) such that T x - T 2 and T 2 - T 3 . Then for every e > and every pe? there 
exists n £iP G N such that 

P ((Ti - T 2 )["l) < e" and p ((T 2 - T 3 )M) < £ «, 

for every n > ra £iP . If 

M e , p = max r U * V U * V ,(V)P6P, 

fe=l,7l e ,p-l It £ j 

then for every n G N we have 

P ((Ti - T 2 ) W ) < M £ , p e" and p ((T 2 - T 3 )M) < M e , p£ ", (V)p £ P . 
The previous relation implies that 

p((Ti-T 3 )M) = p(^(-ir" fe ^(T 1 -T 2 )[ fc ](T 2 -r 3 )[ n - fe l J < 
\fe=o / 

n n 

< ^(-l)"- fe C*p ((Tx - r 2 )W) p ((T 2 - T 3 )I"- fe ]) < ^(-l)"- fe C^M e 2 p£ ' £ £ n - fe = (2e) n M e 2 p 

fe=0 fe=0 

for all n G N and every p EV, so 

P (Vi - T 3 )W) V " < 2e ^M^, (V) n G N, (V)p G "P. 

Therefore, 

lim p f(Tj - Ta)!"!) 17 " = 0, (V)p G P 
Analogously, we can prove that 

l/n 



UmpfiTs-Ti)^) " = 0,(V)pe?, 



so Ti - T 3 . 



Lemma 3.6 // (X, "P) is a locally convex space then T,S G (<Q-p(X))o fl^e fften quasi-nilpotent 
equivalent operators if and only if T p , S p G £(X P ) are quasi-nilpotent equivalent operators on the 
Banach space X p , for every p eV. 

Proof. For every p G V the subspace N p is invariant for T p and T p , so 

(f P ) k (s p ) l = (T k S l ) p , (V)fc,lGN. 

Hence 

(f p - S P ) W = ((T - , (V)m G N 

If T 3^ S, then from definition results that 

Jirn^ (p (jT - S*) 1 " 1 )) = and lirn^ (p ((T - S*) M )) V " = 0. (3) 
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so 



lim 



lim 

n — >oc 





V 


s P ) [n] 




p 




1/ 


T P ) W 


/< 



limp [(T-Sy ni ) =0 



lim p 



((S-T) lB] ) 







(4) 
(5) 



Therefore, T pi S p G £(X p ))o are quasi-nilpotent equivalent operators, for every p G T 3 . 

Conversely, if T p £ £ p , for every p G P, then the relation ((H) and ([5]) holds, so condition © is 
verified. . 

Lemma 3.7 // (X, V) is a locally convex space and T,S G (Q-p(X))q are then quasi-nilpotent 
equivalent operators, then a(Q-p,T) = o~(Qp,S). 

Proof. From previous lemma results that T pi S p G C(X p ))q are quasi-nilpotent equivalent 
operators, for every p G V, hence by theorem 2.2 ([4]) we have cr(T p ) = cr(S p ). Moreover, 

o-(Q-p, T) = Ucr(Tp) and a(Q-p,S) = L)a(S p ), so the corollary is proved. . 

p p 

Theorem 3.8 Let (X,V) be a locally convex space. IfT,S G (Q-p(X))q are quasi-nilpotent equiv- 
alent operators, then o~w{Qv, T) — o-w(Qv, S). 

Proof. From lemma [2~7l results that the functions A — > R(X,T) and A — » R(X,S) are holomor- 
phic on the set pw(Qv, T), respectively pw(Qv, S). 

Let Ao G aw(Qv,T) arbitrary fixed. Since aw(Qv,T) is an open set there exists < r\ < ri 
such that Di(Xo) C crw(Qv,T), i = 1,2, where 

A(A ) = {/x £ C||/x — A | < n}, i = M, 

and the set { i?(A,T)| A G Z?i(Ao) } is bounded in Q-p(X). For each p G V we consider that 

M p = sup{ p(i?(A,T))| A G Di(Ao) }. 

n 

We denote by R(p, T) = ^ R n (X)(p — A)™ the Taylor expansion of the resolvent around each 

fc=0 

point A of -Di(Aq). From complex analysis we have the formula 



-A|=r 2 



( w-xy^^ ' (V)A e ^ l(Ao) ' (v)n - °' 



so. 



p(R n (X))=p 



1 

2"?ri 



V" 



-A|=r 2 



(cj-A)™+ 1 ' 



<p(R n (X)) =r lSU p{ p(i?(A,T))| A G D X (A ) }sup{ 
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1 



(w - A)™+ 



— | A G Di(A ) } < 



there exists n £iP G N such that 



for all A G Di(Ao) and every n > 0. Since T ^ S results that for every e > and every p G V 
;uch that 

((T - < e n and p ((5 - T)W) < e n , (V)n > n e , p . 
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Assume that e < r\ — ro. Then for every peP there exists n £ , p G N such that 
p ((5 - T)^Rn(X)) < e n ri M p (n - r T {n+1) = 

= r 1 {r 1 -r )- 1 M p ( £ ) , 

for every n > n e , p and every A £ £>i(Ao), so ( (~ l) n (<5 — T)' n '-R,i(A) ) is a Cauchy sequences. 



Since Q-p(X) is sequentially complete results that the series 

oo 
n=0 

converges uniformly in Dq. Therefore, the function A — > i?(A) is analytic in p\y(Q-p,T). 

Using lemma 1^771 by induction it can be prove that if we differentiate n > 1 times the equalities 

(XI - T)R(X, T) = R(X, T)(XI -T) = I, 

then for every n > 1 we obtain 

(A/ t) S^ r(x > T) = w R{x > t)(a/ - T)= 

so 

(XI T)R n (X) = (XI T)-—R{n, T) = 
1 d n ^ 1 

for every A S Di(Ao) and every n > 1. 

From lemma 13.11 and relation © results the following equalities 



(A/ - S)ii(A) = ]T(-l) n (A/ - S)(S - T)^R n (X) = 

oo 

= ^(A7 - S) ((A/ - 5) - (A/ - T)) W 5i?„(A) = 

OO 

= Ei(( A/ - 5 ) - ( A/ - r))[ n+1 li?„(A) + ((XI -S)- (XI - T))N(A7 - T)R n (X)} = 

oo oo 

= E( _1 )" +1 ( 5 - + ( A/ - T)Ro(X) + ^(-l) n (S - T)W(A7 - T)i?„(A) = 

n— n— 1 

oo oo 

= E(- 1 )" +1 ( 5 - T)[" +1 li?„(A) + (XI - T)Ro(X) + - Tf +1 \XI - T)R n+1 (X) = 

oo oo 

= J2(-^ n+1 ( S - T ) ln+1] Rn(X) + (XI - T)R(X,T) + ^(-1)" +1 (5 - T) [n+1] (-R n (X)) = I 

Analogously we prove that R(X)(XI — S) = I, so p w (Q v ,T) C Pw(Qvi S)- The inclusion 
Pw(Q~Pi S) C pw(Qv, T) can be proved in the same way. 



Lemma 3.9 Let (X,V) be a locally convex space and T G (Q-p(X)) such that r-p(T) < 1. Then 

oo 

the operator I — T is invertible and (I — T)^ 1 = ^ T n . 

Proof. Assume that r-p(T) < t < 1. Hence results that 

limsup(p(T n )) 1/n < i,(V) p£P, 

n^oo 

so for each p £ V there exists n p € N such that 

(p (T")) 1 /™ < sup (p(T")) 1/n < t, (V) n > n p . 

n>n p 
oo 

This relation implies that the series ^ p (T n ) converges, so 

n=0 

lim p (T n ) = 0, (V) peV, 

n — *oo 

therefore lim T n = 0. Since the algebra Q-p(X) is sequentially complete results that the series 

n^oo 

oo 

^2 T n converges. Moreover, 

m m 

(I -T)^T n = T "( J ~T) = I- T m+ \ 

SO 

oo oo 
n=0 n=0 

oo 

which implies that I - T is invertible and (J - T) _1 = J2 T n - 

Theorem 3.10 Let (X,V) be a locally convex space. IfT,S £ (Q-p(X))o are quasi-nilpotent 
equivalent operators, then T has SVEP if and only if S has SVEP. 

Proof. Assume that T has SVEP. Let Df C C be an open set such that pw(Qv> S) C Df and 
/ : Df — ► X be an analytic function on Df which satisfies the property 

(XI - S)f(X) = 0, A e -D/. 

Then, for every n > we have 

n 

(T - S) [n] f{\) = ^2(-l) n - k C*T k S n - k f(\) = 

n 

= Y(-l) n ~ k C k T k \ n - k f(X) = (T — A/) n /(A) (7) 

Since T ^ S results that for every e > and every p s V there exists n £iP e N such that 
p ((T - S) [n] ) < e™ and p ((S - T) [ ™ ] ) < e n , (V)n > n £ , p . 
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Let n 7^ A. Then for every e G (0, |/i — A|) and for every p 6 P there exists n ejP € 



(T-S) 1 " 1 

(T-S)H • 



so the ( ( m _a)" +1 ) * s a Cauchy sequences. Since Q-p(X) is sequentially complete results 



that the series kjZxytri ^ s absolutely convergent in the topology of Q-p(X) for every /i / A. 



n=0 



Moreover, if r-p(T — XI) < A|, then rp( ^^ ) < 1 and from lemma [3791 results that 

£ (m^atS = (/i - A)/ - (T - A/) = ^ n (8) 

n— ^ ' 

From the relations ((7j) and (JSj) results that 

- T) (t m - <* - D (| ^) m- 

= <jjJ-T)R(n,T)f(\) = f(\), 
for every with the property r-p(T — XI) < \fj, — A|. Therefore, 

n=0 V ^ ' 

is an analytic function on C\{A} which verifies the relation 

( l iI-T)g x (n) = f(X) (9) 

on the open set {fi G C |rp(T - A/) < |/z - A|} C C\{A}. Since T has SVEP results that the 
function g\(n) verifies the relation ([9]) for all \i ^ X. This implies that C\{A} C Pr(fW), i-e. 
a T (f(X)) C {A}. 

Let Ao G -D/ arbitrary fixed and r > such that U = {A e C | | A — Aq | < r } C I?/ . Since 
g\(fi) is analytic on C\{A} from relation © results that 

Otf-rO, / l#^ = i / /%^ = /(Ao) do) 



27rj 7 £ ~ ^o 27ri 7 £ — Ao 

|£— A|=r |£-A|=r 

for all \i G A), so fi G /fr(/(Ao)), for every G £>o- Hence Ao G Pt(/(Ao)) and since we already 
proved above that or(/(Ao)) C {Ao} results that ct(/(A)) = 0. Lemma 1^1 implies that /(A) = 
on Z?o and since Xq £ Df is arbitrary chosen, results that /(A) = on Therefore, S has 
SVEP. Analogously we can prove that if S has SVEP then T has SVEP. . 

Theorem 3.11 Let (X,V) be a locally convex space. IfT,S G (Q-p(X))o are quasi-nilpotent 
equivalent operators and T has SVEP, then o~t{x) = ^(a;), for every x G X . 

Proof. First we remark that from previous theorem results that S has SVEP. Let x(X) be the 
analytic function on pr{x) which verify the condition 

(XI - T)x(X) = x, X G p T (x). (11) 
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Let Ao £ Pt(x) arbitrary fixed. Since pr{x) is an open set there exists < n < ri such that 
A(A ) C <tw{Qv, T), i = 172, where 

A(A ) = {p e C| |/i - A | < n}, i = T72. 

For every p £ P denote by M p the maximum of x(X) on ^(Ao). Hence, for A 6 ^(Ao) we have 

/ 



P\ r- L )=P — / -li dl\ < 7 s , 1 , (V)n>0. 



(12) 



\ |«-A |=r 2 



In the proof of lemma 13.51 we proved that for every e > and each p £ P there exists M e . p > 
such that 

p([T-S)^) <M e , p£ ", (V)n>0. (13) 
Therefore, the relations (fT2|) and (JT3J) implies that 



P 



n\ J V / \ nl J r-i — n 



k ^2 - n , 

for all n>0. Taking e = 7-2 ~ ri results that for each p £ P there exists M £jP > such that 



P ((T-^^)<f,(V).>0, (14) 



where M p = M '^^ r p T2 does not depend on A £ L>2(Ao). The relation (fT4")) shows that the series 

(«)( 



Epf(-i) B (r-s)W^ 



n=0 

converges for every A £ Z?2(Ao) and every p £ P, so since X is sequentially complete results that the 

series ^2 ( — 1)" g) M x l > converges absolutely and uniformly on /^(Ao). But Ao £ Pt(x) is 

arbitrary fixed, hence this series converges absolutely and uniformly on every compact K C pt(x), 
which implies that 

I1 (A) = X;(-1) B (2 , -5) [B1 ^-P (15) 

n=0 

is analytic on px{x). Now we prove that 

(A/ — S)xi(X) = x, X £ Pt(x). 
If we differentiate n > 1 times the equality (|lip . then we have 

(XI - T> (n) (A) = -nx^-^iX), X £ p T (x). 
From previous relations and remark 13.11 results 

,(«) 
nl 



(XI - S)xi(X) = ^(-l) n (A7 -S)(S- T) [n] p 

= £(AI - 5) ((A/ - 5) - (A/ - T)) [n] ^-P = 



n=0 
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{((^ - S) - (XI - T)) ln+1] + ((XI -S)- (XI - T)) ln] (XI - T)| ^— p 
= ]T(-l) Il+1 - T) [n+1] ?-J£L + E^ 1 )" ( 5 - ( A/ - T)^^ 

n=0 n ' n=0 



= £(-l)" +1 (S T)[" +1 l ^ + (A/ - T)x(X) + £(-!)» (5 - T)N ^— W = 

n=0 ' 71=1 ^ 

= (XI - T)x(X) = X 

for all A G Pt(x). This shows that Pt(z) C ps{x), so os(x) C (Jt(x). Analogously it can be proved 
that <jt(x) C as (x). . 

References 

[1] Allan G.R., A spectral theory for locally convex algebras, Proc. London Math. Soc. 15 (1965), 
399-421. 

[2] Chilana, A., Invariant subspaces for linear operators on locally convex spaces, J. London. 
Math. Soc., 2 (1970) , 493-503. 

[3] Colojoara, I., Elemente de teorie spectrala, Editura Academiei Republicii Socialiste Romania, 
Bucuresti 1968. 

[4] Colojoara, I. and Foias, C, Theory of Generalized Spectral Operators, Gordon and Breach, 
Science Publishers, New York-London-Paris, 1968. 

[5] Dowson, H.R., Spectral theory 0} linear operators, ACADEMIC PRESS, 1978. 

[6] Dunford, N and Schwartz, J., Spectral Theory, Part I, Interscience Publishers, Inc., New- York, 
1964. 

[7] Edwards, R.E., Functional Analysis, Theory and Aplications, Holt, Rinehart and Winston, 
Inc, 1965. 

[8] Gillcs, J.R., Joseph, G.A., Koehler, D.O. and Sims B., On numerical ranges of operators on 
locally convex spaces, J. Austral. Math. Soc. 20 (Series A), (1975), 468-482. 

[9] Joseph, G.A., Boundness and completeness in locally convex spaces and algebras, J. Austral. 
Math. Soc, 24 (Scries A), (1977), 50-63. 

[10] Kramar, E., On the numerical range of operators on locally and H-locally convex spaces, 
Comment. Math. Univ. Carolinae 34,2(1993), 229-237. 

[11] Kramar, E., Invariant subspaces for some operators on locally convex spaces, Comment. Math. 
Univ. Carolinae 38,3(1997), 635-644. 

[12] Maeda, F., Remarks on spectra of operators on locally convex space, Proc.N.A.S., Vol.47, 1961. 

[13] Michael, A., Locally multiplicatively convex topological algebras, Mem. Amcr. Math. Soc, 11, 
1952. 

[14] Moore, R.T., Banach algebras of operators on locally convex spaces, Bull. Am. Math. Soc, 75 
(1969), 69-73. 



12 



[15] Moore, R.T., Adjoints, numerical ranges and spectra of operators on locally convex spaces, 
Bull. Am. Math. Soc, 75 (1969), 85-90. 

[16] Robertson, A. P. and Robertson W.J., Topological vector spaces, Cambridge University Press., 
New- York, 1964. 

[17] Stoian, S.M., A Functional Calculus for Quotient Bounded Operators, arXiv math. FA/ 
0703430v2. 

[18] Troitsky, V.G., Spectral Radii Of Bounded Operators On Topological Vector Spaces, PanAmer- 
ican Mathematical Society, 11(2001), no. 3, 1-35. 

[19] Waelbrocck, L., Etude des algebres completes , Acad. Roy.Belgique CI. Sci.Mem. coll. in 8, 
31(1960), no.7. 

Sorin Mirel Stoian 

Department of Mathematics, University of Petro§ani 
E-mail address: mstoian@upct.ro 



13 



